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Abstract

This study describes a non-contact measuring and parameter identification procedure designed to evaluate inhomoge-
neous stiffness and damping characteristics of the annular ligament in the physiological amplitude and frequency range
without the application of large static external forces that can cause unnatural displacements of the stapes. To verify the
procedure, measurements were first conducted on a steel beam. Then, measurements on an individual human cadaveric
temporal bone sample were performed. The estimated results support the inhomogeneous stiffness and damping distribu-
tion of the annular ligament and are in a good agreement with the multiphoton microscopy results which show that the
posterior-inferior corner of the stapes footplate is the stiffest region of the annular ligament. This method can potentially
help to establish a correlation between stiffness and damping characteristics of the annular ligament and inertia prop-
erties of the stapes and, thus, help to reduce the number of independent parameters in the model-based hearing diagnosis.
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1 Problem
The model-based hearing diagnosis of the human middle ear is an innovative approach in modern medical diagnostics.

Due to the complexity of the middle ear model and uncertainties that arise from the model and measurements, ambiguities

occur during parameter identification. To avoid that, the model parameters are correlated to each other by means of

anatomically conditioned links which reduces the number of independent parameters. For example, the area ratio between

the eardrum and stapes footplate and the lever ratios in the ossicular chain show relatively small fluctuations from one

person to another, despite the fact that the absolute anatomical dimensions vary significantly. Therefore, the individual

anatomical properties and, thus, the associated model parameters cannot vary their values arbitrarily, but rather correlate

to each other and can be combined into characteristic parameter clusters, which can significantly reduce the number

of independent parameters. As another example, the first middle ear resonant frequency of the stapes transfer function

shows that interindividual variances in the range of 800 to 1100 Hz are much smaller than expected from the variations

in material properties and anatomical dimensions of individual ligaments and ossicles. This leads to the conclusion that

the stiffness properties of the ligaments and joints depend on the masses and inertia properties of the ossicles. It remains

challenging, however, to quantify these relationships. This study proposes a measuring and parameter identification

procedure designed to evaluate stiffness and damping characteristics of the annular ligament which can potentially help

to find a correlation between stiffness and damping characteristics of the annular ligament and inertia properties of the

stapes and reduce the number of independent parameters in the model-based hearing diagnosis.

The stapes is a bone found in the middle ear of humans and other mammals which is involved in the conduction of

sound vibrations to the inner ear, see Fig. 1. The stapedial annular ligament (AL) is a ring of fibrous tissue that connects

the base of the stapes, its footplate, to the oval window of the inner ear. The anatomical dimensions of the AL support

the hypothesis of an inhomogeneous stiffness distribution. In [3] it has been revealed that the cross-section of the AL

is posteriorly narrower and thicker, resulting in a higher stiffness on the posterior side, and in [1] it is stated that the

properties of the AL largely determine the transfer characteristic of the middle ear in the lower frequency range.

A number of studies on the topic of the stiffness characteristics of the human stapedial AL were conducted in the

past, but all of them were focused on determining the stiffness properties of the AL in the quasi-static frequency range by

applying large, mostly static, external forces to the stapes, which caused displacements beyond the physiological range

and, as a consequence, introduced artefacts that hid underlying physical properties of the AL [1, 2, 4, 7]. Moreover, so

far the inhomogeneous stiffness and damping properties of the AL have not been investigated in the dynamic frequency

range.

The measurement and parameter identification procedure described here offers a non-contact way to determine the

stiffness and damping characteristics of the AL within the physiological amplitude and frequency range by using the

inertia forces of the stapes itself instead of large external forces. The inertia properties of the stapes were determined

with the help of a micro-CT scanner. Based on that the inhomogeneous stiffness and damping characteristics of the AL
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were estimated within the physiological frequency range. We verified the procedure by conducting measurements on a

theoretically well-known mechanical structure similar to that of the stapes-AL system, where the AL was represented by

a steel beam and the stapes by a small steel cube. The introduced system identification procedure can potentially help to

find correlations between the inertia properties of the stapes and the stiffness and damping properties of the AL among

different human cadaveric temporal bone samples.

Oval window

Ear canal

Tympanic membrane
(eardrum)

StapesIncusMalleus

Temporal
bone

Figure 1: Anatomical structure of the human ear.

2 Material and Methods
The stapes and the peripheral bone (PB) can be modelled as two rigid bodies connected by the AL modelled as a

spring/damper combination, as shown schematically in Fig 2. The stapes is represented by its generalized mass ma-

trix M which is referred to the centre of its footplate and obtained by scanning the stapes and the plastic plate, to which

the temporal bone sample is glued, with a micro-CT scanner [8]. The plastic plate serves as a reference for the scanner.

The mass of the AL can be neglected. The stapes is subjected to the base excitation from the PB mounted on a shaker

table. The spatial motion of the stapes and the PB is measured by a 3D laser Doppler vibrometer (3D-LDV) at multi-

ple points and the generalized coordinates for each rigid body are calculated with reference to the centre of the stapes

footplate. The stapes-AL system is theoretically unknown, which makes it difficult to confirm the validity of our system

3D-LDV
(multiple points)

stapes

AL

peripheral 
bone

shaker

plastic plate

Figure 2: Stapes - measurement setup.

3D-LDV
(multiple points)

shaker

beam

Figure 3: Beam - measurement setup.

identification procedure. Therefore, it was first verified on a theoretically well-known mechanical structure consisting of

two 10× 10 mm steel cubes with masses mb and ms attached to a steel beam. Each cube, together with the part of the

beam underneath it, is modelled as a rigid body. One of these rigid bodies represents the PB and is mounted on the shaker

table. The other represents the stapes, which is located at the free end of the beam, and is characterized by its generalized

matrix M. The part of the beam between the cubes represents the AL. Its mass can be neglected compared to the mass

of the rigid bodies, and thus, it is modelled only with regard to its stiffness and damping properties. The spatial motion

of the cubes is measured by the 3D-LDV system at multiple measurement points and their generalized coordinates are

calculated with reference to the origin of their axes.

Both the stapes-AL system and the beam system represent a structure subjected to base excitation whose dynamic

equation of motion is given by

M · q̈s(t)+D · q̇s(t)+K ·qs(t) = D · q̇b(t)+K ·qb(t), (1)
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with the generalized displacement vectors of the structure qs(t) and the base qb(t), generalized symmetric viscoelastic

damping matrix D, and the generalized symmetric stiffness matrix K.

The assumption of harmonic base excitation at k number of frequencies ω j and steady state response yields

ω2
j M ·qs(ω j) = (K+ iω j D) ·Δq(ω j) , j = 1,2, ...,k, (2)

with the relative displacement vector Δq(ω j) = qs(ω j)− qb(ω j). Having in mind that Δq(ω j) = Δq′(ω j)+ iΔq′′(ω j)
and qs(ω j) = q′s(ω j)+ iq′′s (ω j), the amplitude and phase of each measured point at the j-th excitation frequency ω j are

transformed to the real and imaginary part of the steady-state response

ω2
j M ·q′s(ω j) = K ·Δq′(ω j)−ω j D ·Δq′′(ω j) ,

ω2
j M ·q′′s (ω j) = K ·Δq′′(ω j)+ω j D ·Δq′(ω j). (3)

Equations 3 can be written as

A j ·p = b j , j = 1,2, ...,k, (4)

with a design parameter vector p containing the unknown stiffness and damping coefficients of matrices K and D. For

k number of frequencies Eq. 4 yields an overdetermined system of linear equations, see Eq. 5, that can be solved with

the least squares method by calculating the pseudo inverse AI of matrix A to avoid singularity in matrix A caused by

measurement noise ⎡
⎢⎣A1

...

A j

⎤
⎥⎦

︸ ︷︷ ︸
A

·p =

⎡
⎢⎣b1

...

b j

⎤
⎥⎦

︸ ︷︷ ︸
b

=⇒ p = AI ·b. (5)

The stapes-AL system is more complex than that of the beam, partly, because it is more damped, and partly because

of larger measurement errors caused by misalignment and measurement noise. Because of that solving Eq. 5 for the

stapes-AL system using an unconstrained least squares solution leads to large estimation errors, since, in this case, a

local minimum found by LSQ algorithm can become the global one. Instead, we can iteratively minimize the function

|b−A · p|2 by solving a constrained optimization problem with the help of MATLAB’s fmincon programming solver.

From [6] the signs of the stiffness coefficients and their plausible range can be determined and the stiffness and damping

coefficients can be constrained in a range where the system is stable. The stability of the system is determined by the

eigenvalues criterion meaning that the real part of the eigenvalues of the system estimated with these coefficients should

be negative in order for the system to be stable.

3 Results

3.1 The Beam Experiment Results
The motion of the beam system has two degrees of freedom (DOF), one translational ys along y-axis and one rotational

αs around x-axis, see Fig. 3. From the differential equation of the cantilever beam, the theoretical stiffness matrix of the

beam can be derived and is given by

1

EI

[
l3
3 − l2

2

− l2
2 l

]
·
[

F
M

]
=

[
ys
αs

]
=⇒ Ktheory =

[
c1,th c2,th
c2,th c3,th

]
= EI

[
12
l3

6
l2

6
l2

4
l

]
(6)

with force F and rotational moment M applied at the free end of the beam. For the beam parameters, see Table 1.

Table 1: Beam parameters

Parameter Value Unit

Young’s modulus, E 210000 N
mm2

Moment of inertia, I = bh3
12 0.44287 mm4

Height of the beam, h 0.81 mm
Width of the beam, b 10 mm
Length of the beam, l 48 mm
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For a beam with two DOF, Eq. 2 can be written as

ω2
j M ·

[
ys(ω j)
αs(ω j)

]
︸ ︷︷ ︸

qs(ω j)

=

([
c1 c2
c2 c3

]
︸ ︷︷ ︸

K

+iω j

[
d1 d2
d2 d3

]
︸ ︷︷ ︸

D

)
·
[

ys(ω j)− yb(ω j)+ lαb(ω j)
αs(ω j)−αb(ω j)

]
.︸ ︷︷ ︸

Δq(ω j)

(7)

Equation 7 can be written in the form of Eq. 5 and solved for the unknown stiffness and damping coefficients. The

generalized mass matrix M is calculated from the geometric parameters given in Table 1. To verify the results, the motion

of the free end of the beam is simulated using estimated Kest and Dest matrices by calculating the complex frequency

response of a structure subjected to base excitation which is given by

H j = (−ω2
j M+ iω jDest +Kest)

−1 · (iω jDest +Kest), j = 1,2, ...,k, (8)

with the n× n frequency response matrix H j for each frequency j, where n is the number of DOF, which in the case of

the beam equals two.

Figure 4 shows a comparison between the measured and simulated motions of the free end ys and αs related to the

measured y-motion of the base yb mes in order to normalize the results. This is done because yb mes is the dominant motion,

since the shaker table excites the structure primarily in the y-direction. The solid lines show the measured motion and the

dashed lines show the estimated motion. To quantitatively compare the estimated and theoretical stiffness coefficients, a

deviation error in % is calculated

deviation=

⎡
⎣(c1,est − c1,th)/c1,th
(c2,est − c2,th)/c2,th
(c3,est − c3,th)/c3,th

⎤
⎦100%=

⎡
⎣3.171.28
0.38

⎤
⎦%. (9)

A misalignment of the centre of mass of the free end of 100 μm in the z-direction can already explain the deviation error

of about 3% in estimating the stiffness values as well as an error of about 1% in estimating the resonance frequencies of

the beam, see Fig. 4. This shows the validity of the proposed system identification procedure.
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Figure 4: Beam - comparison between measured and
estimated (simulated) data.
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Figure 5: Stapes - comparison between measured and
estimated (simulated) data.

3.2 The Stapes Experiment Results
It is generally accepted that the motion of the stapes has three DOF, one translational piston-like motion ys along the

y-axis, and two rotational motions αs and γs around the x-axis and z-axis, respectively, as shown in [5].

For a stapes system with three DOF, Eq. 2 can be written as

ω2
j M ·

⎡
⎣ys(ω j)

αs(ω j)
γs(ω j)

⎤
⎦

︸ ︷︷ ︸
qs(ω j)

=

(⎡
⎣c1 c2 c3

c2 c4 c5
c3 c5 c6

⎤
⎦

︸ ︷︷ ︸
K

+iω j

⎡
⎣d1 d2 d3

d2 d4 d5
d3 d5 d6

⎤
⎦

︸ ︷︷ ︸
D

)
·
⎡
⎣ ys(ω j)− yb(ω j)

αs(ω j)−αb(ω j)
γs(ω j)− γb(ω j)

⎤
⎦ .

︸ ︷︷ ︸
Δq(ω j)

(10)

As in the case of the beam, Eq. 10 can be written in the form of Eq. 5 and solved for the unknown stiffness and damping

coefficients. The generalized mass matrix of the stapes M, obtained with the help of a micro-CT scanner, reads

M =

⎡
⎣ 3.2 ·10−6 kg −434.88 ·10−12 kg ·m 143.04 ·10−12 kg ·m
−434.88 ·10−12 kg ·m 9.77 ·10−12 kg ·m2 −29.7 ·10−15 kg ·m2

143.04 ·10−12 kg ·m −29.7 ·10−15 kg ·m2 11.14 ·10−12 kg ·m2

⎤
⎦ .

18. Jahrestagung der Deutschen Gesellschaft für Computer- und Roboterassistierte Chirurgie e.V.

98



Just like in the beam experiment, to verify the results, the frequency response is simulated for Kest and Dest , see Eq.

8. Figure 5 shows a comparison between the measured and simulated motions of the stapes ys, αs and γs related to the

measured y-motion of the base yb mes. The solid lines show the measured motion and the dashed lines show the estimated

motion. The estimated stiffness and damping matrices read

Kest =

⎡
⎣ 1722 N

m 0.414 N
rad −0.48 N

rad
0.414 N 1.37 ·10−3 Nm

rad −6.41 ·10−5 Nm
rad

−0.48 N −6.41 ·10−5 N·m
rad 3.79 ·10−3 N·m

rad

⎤
⎦ and

Dest =

⎡
⎣ 22.89 ·10−3 N·s

m 61.42 ·10−5 N·s
rad −36.79 ·10−5 N·s

rad
61.42 ·10−5 N · s 30.15 ·10−9 N·s·m

rad −67.56 ·10−13 N·s·m
rad

−36.79 ·10−5 N · s −67.56 ·10−13 N·s·m
rad 56.46 ·10−9 N·s·m

rad

⎤
⎦ .

4 Discussion
To further evaluate stiffness characteristics of the AL, a principal axes transformation of the estimated stiffness matrix

Kest is performed which yields a diagonal stiffness matrix that reads

Kest,prin =

⎡
⎣1722 N

m 0 0

0 1.26 ·10−3 Nm
rad 0

0 0 3.65 ·10−3 N·m
rad

⎤
⎦ .

According to [7] the mean stiffness value in the y-direction is 1238 N
m with a standard deviation of 973 N

m . The estimated

stiffness value of 1722 N
m in the y-direction found in the upper left corner of Kest,prin fits well in that range. The principle

axes are located in the posterior-inferior corner of the stapes footplate indicating that it is the stiffest region of the AL, see

Fig. 6. If a force is applied to the stapes at the origin of the principle axes in the y-direction, the stapes will be moved in

the y-direction only.

Y
X

Z

The center of
the footplate

The origin of the
principle axes

0.280.241°
Figure 6: The origin of the principal axes.

It was also shown in [6] that applying a centric force orientated in the lateral direction (the y-direction) to the cen-

ter of the stapes footplate moves the stapes head laterally and in the posterior-inferior direction, which means that the

posterior-inferior corner of the stapes footplate is the stiffest region of the AL. This type of spatial motion supports the in-

homogeneous stiffness distribution of the AL and corresponds to the signs of the stiffness coefficients estimated here. The

same results were observed in [3], where the morphometry of an intact human AL along the full boundary of the annular

rim was conducted via multiphoton microscopy revealing cross sections of the AL resembling a sandwich-composite

structure. For this structure, the main effect on the variation in bending stiffness originates from thickness variations of

the core layer, and not the variation in thickness of the face layers. While the total thickness and core thickness are highest

around the posterior and anterior poles, the AL is found to be narrowest in the posterior-inferior region, and widest in the

anterior region.

Since a viscoelastic damping model was used in this study, the eigenvectors are complex. In order to interpret them,

the absolute values of the eigenvector components were calculated. To derive the motion of the stapes head in the x-, y-,
and z-directions, α- and γ-components of the eigenvectors can be multiplied by the height of the stapes (approximately 3

mm). Based on this information it can be concluded that in the first normal mode the α-motion is dominant, in the second

the γ-motion is dominant, and in the third the piston-like y-motion is dominant. The modal parameters of the estimated

system can be found in Table 2.

Within the frequency range, where our system was estimated (400 Hz to 5 kHz), the maximum displacement amplitude

in the y-direction is 148 nm, which is lower than the expected displacement amplitude of 150 nm measured with acoustic

excitation at 100 dB SPL as shown in [5]. This means that the displacement amplitudes used in this study fit within the

physiological range.
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Table 2: Modal parameters of the estimated system

Parameters 1st normal mode 2nd normal mode 3rd normal mode

Resonant frequencies f1 = 1753 Hz f2 = 2783 Hz f3 = 3862 Hz

Eigenvectors

⎡
⎣ |φ1y|
|φ1α |
|φ1γ |

⎤
⎦=

⎡
⎣ 33.5 nm
90 μrad
4.6 μrad

⎤
⎦

⎡
⎣ |φ2y|
|φ2α |
|φ2γ |

⎤
⎦=

⎡
⎣ 33.4 nm
9.2 μrad
56 μrad

⎤
⎦

⎡
⎣ |φ3y|
|φ3α |
|φ3γ |

⎤
⎦=

⎡
⎣ 164 nm
25 μrad
32 μrad

⎤
⎦

Damping ratios ζ1 = 0.12 ζ2 = 0.14 ζ3 = 0.18

There are several reasons why the measured and estimated curves in Fig. 5 do not match precisely. We assume a three

DOF system, however, due to the shaker excitation, which is qualitatively different to an acoustic excitation used in [5],

in-plane motions, especially x- and y-translations, can become too large to be neglected and may cause estimation errors.

Thus, a further investigation of a stapes-AL system with 5 and 6 DOF may provide more accurate results. In addition, the

inaccuracies in alignment of the stapes reference frame with respect to the plastic plate and to the 3D-LDV system lead

to further evaluation errors. In order to reduce those uncertainties, the mentioned error sources should be systematically

investigated.

5 Conclusion
In this study a non-contact measuring and parameter identification procedure for evaluating inhomogeneous stiffness and

damping characteristics of the AL is introduced. What makes this procedure unique is that it estimates the stiffness and

damping coefficients in the physiological amplitude and frequency range without the application of large static external

forces that can cause unnatural displacements of the stapes. To verify the procedure, measurements were first conducted on

a steel beam. Then measurements on an individual human cadaveric temporal bone sample were performed. The estimated

results support the inhomogeneous stiffness and damping distribution of the AL and are in a good agreement with the

multiphoton microscopy results obtained in [3] where it was concluded that the posterior-inferior corner of the stapes

footplate is the stiffest region of the AL. The procedure itself, however, requires further investigation with regard to the

mentioned error sources, but it can potentially help to establish a correlation between stiffness and damping characteristics

of the annular ligament and inertia properties of the stapes and, thus, help to reduce the number of independent parameters

in the model-based hearing diagnosis.
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[3] Schär M, Dobrev I, Chatzimichalis M, Röösli C, Sim JH, Multiphoton imaging for morphometry of the sandwich-

beam structure of the human stapedial annular ligament. Hearing Research, doi: 10.1016/j.heares.2018.11.011

(2019)
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